Snakes' bodies are covered in scales that make it easier to slide in some directions than in others.
FIG. 1:
Left: Classification of local optima across friction coefficient space, computed in [47] . Right: Three sequences of snapshots of locally optimal motions giving examples of direct, standing, and retrograde waves. These occur at particular friction coefficient ratios, listed above the snapshots and marked with green, red, and blue symbols in the panel at left. The three sequences of snapshots are given over one period of motion, and displaced vertically to enhance visibility but with the actual horizontal displacement.
friction in one period [47] . The optimizers were calculated and classified as shown in figure 1 , across the space of µ t /µ f (horizontal axis) and µ b /µ f (vertical axis). Many of the local optima could be classified as retrograde traveling waves-waves of curvature moving opposite to the body's direction of motion (i.e. lateral undulation)-prevalent for µ t /µ f 6; symmetric standing waves, observed for µ b /µ f ≥ 2 and 0.7 < µ t /µ f ≤ 3; or direct waves-waves of curvature moving with the body's direction of motion-observed for µ t /µ f 0.7. Direct waves have also been observed in the undulatory swimming of polychaete worms, with appendages extending perpendicular to the body axis [48, 49] . Examples of these three classes of optima are shown in the snapshots on the right side of figure 1. In this study, one possible local optimum was observed with isotropic friction µ b /µ f = µ t /µ f = 1, but the efficiency gradient norm was only reduced by about two orders of magnitude from the random initial kinematics [47] . Usually computations did not converge to local optima in the vicinity of isotropic friction (orange box in figure 1 ). Because isotropic friction is common for snake robots (e.g. without scales) [43] , is close to the measured friction coefficients for real snakes [38] , and is physically the simplest situation, a better understanding of planar locomotion in this regime is useful. Isotropic friction is also a model of situations where snake scales are less effective-e.g. on loose, sandy, or slippery terrain [50] . Effective kinematics for planar locomotion with isotropic friction is the main topic of this study.
II. MODEL
We use the same Coulomb-friction snake model as [37, 38, 51] and other recent works. The snake body is thin compared to its length, so for simplicity we approximate its motion by that of a planar curve X(s, t) = (x(s, t), y(s, t)), parametrized by arc length s and varying with time t. Schematic diagrams are shown in figure 2. The tangent angle is denoted θ(s, t) and satisfies ∂ s x = cos θ and ∂ s y = sin θ. The unit vectors tangent and normal to the curve areŝ = (∂ s x, ∂ s y) andn = (−∂ s y, ∂ s x) respectively. The basic problem is to prescribe the time-dependent shape of the snake in order to obtain efficient locomotion. We consider both smooth bodies (figure 2, top), and three-link bodies (figure 2, bottom). The latter are described by ∆θ 1 and ∆θ 2 , the differences between the tangent angles of the adjacent links.
We prescribe the body shape as Θ(s, t), the tangent angle in the "body frame," defined as a frame that rotates and translates so that at every time the body tail (s = 0) lies at the origin in the body frame and the body has zero tangent angle at the tail (Θ(0, t) = 0). In the three-link case, Θ(s, t) = ∆θ 1 (t)H(s − 1/3) + ∆θ 2 (t)H(s − 2/3), where
H is the Heaviside function. For all bodies (smooth and three-link), the tangent angle in the physical (or lab) frame is obtained by adding θ 0 (t), the actual tangent angle at the tail, to Θ(s, t):
The body position in the lab frame is then obtained by integration:
The tail position (x 0 (t), y 0 (t)) and tangent angle θ 0 (t) (or equivalently,ẋ 0 (t),ẏ 0 (t), andθ 0 (t)) are determined by the force and torque balance for the snake, i.e. Newton's second law:
Here L is the body length, ρ is the body's mass per unit length, and X ⊥ = (−y, x). For simplicity, the body is assumed to be locally inextensible so L is constant in time. f is the force per unit length on the snake due to Coulomb friction with the ground:
Again H is the Heaviside function and the hats denote normalized vectors. When ∂ t X = 0 we define ∂ t X to be 0. According to (7) the snake experiences friction with different coefficients for motions in different directions.
The frictional coefficients are µ f , µ b , and µ t for motions in the forward (ŝ), backward (−ŝ), and transverse (i.e.
normal, ±n) directions, respectively. In general the snake velocity at a given point has both tangential and normal components, and the frictional force density has components acting in each direction. A similar decomposition of force into directional components occurs for viscous fluid forces on slender bodies [52] .
We assume that the body shape Θ(s, t) is periodic in time with period T , similar to the steady locomotion of real snakes [37] . We nondimensionalize equations (4)- (6) by dividing lengths by the snake length L, time by T , and mass by ρL. Dividing both sides by g we obtain:
In (8)- (10) and from now on, all variables are dimensionless. If the body accelerations are not very large, as is often the case for robotic and real snakes [37] , L/gT 2 1, which means that the body's inertia is negligible. By setting inertia-and the left hand sides of (8)- (10)-to zero, we simplify the equations considerably:
In (11), the dimensionless force f is
Similar models were used in [32, 37, 38, 47, 51, 53, 54] , and the same model was found to agree well with the motions of biological snakes in [37] . Instead of solving (11) for {x 0 (t), y 0 (t), θ 0 (t)} directly, we solve them for {ẋ 0 (t),ẏ 0 (t),θ 0 (t)}, which can be done (mostly) in parallel, speeding up the computations. We take time derivatives of (1)-(3), using vector notation for position:
Given Θ(s, t) and ∂ t Θ(s, t), we first solve (11) with θ 0 (t) = 0 and X 0 (t) = 0 to obtain a solution {Ẋ 0b (t),θ 0b (t)} in the body frame for the unknowns {Ẋ 0 (t),θ 0 (t)} in (13)- (14) . The solution {Ẋ 0b (t),θ 0b (t)} represents the tail velocity if the body is rotated by −θ 0 (t) so that the tail has zero tangent angle. The position X and tangent and normal vectorsŝ,n in the lab frame are simply those in the body frame rotated by θ 0 (t). If we setθ 0 (t) =θ 0b (t) and letẊ 0 (t) beẊ 0b (t) rotated by θ 0 (t), then we find that the lab frame velocity ∂ t X in (14) is the body frame velocity rotated by θ 0 (t). Hence f in (12) is that in the body frame rotated by θ 0 (t) and X ⊥ · f is unchanged (this dot product and those in f are unchanged by the rotation)-so both f and X ⊥ · f still integrate to zero under the transformation from the body to lab frame. To summarize: if {Ẋ 0b (t),θ 0b (t)} solve (11) with {X 0 (t), θ 0 (t)} equal to zero (i.e. in the body frame), thenẊ 0 (t) = R θ0(t)Ẋ0b (t) andθ 0 (t) =θ 0b (t) solve (11) with general {X 0 (t), θ 0 (t)}, when the body is also rotated by θ 0 (t) (i.e. the body is in the lab frame). Here
the matrix that rotates by θ 0 (t).
We can solve for {Ẋ 0b (t),θ 0b (t)} at all time steps in parallel, since only Θ(s, t) and ∂ t Θ(s, t) are required. Then we integrateθ 0 (t) =θ 0b (t) forward in time to obtain the tail tangent angle starting from θ 0 (0) = 0 (an arbitrary constant that sets the overall trajectory direction). Then we integrateẊ 0 (t) = R θ0(t)Ẋ0b (t) forward in time starting from X 0 (0) = 0 (another arbitrary constant) to obtain the tail position in time. Then the complete body motion is known from (1)- (3) .
In this work we will consider only motions that involve zero net rotation over one period, i.e. θ 0 (1) = θ 0 (0). Then the motion after one period is a pure translation, with all points on the body moving the same distance
The work done by the snake against friction over one period is
When the body shape motion Θ(s, t) is uniformly sped up or slowed down-i.e. when
for some constant c > 0, then the force and torque balance equations are satisfied when the tail motion undergoes the same scaling:
and so does the overall body motion:
We can see this by first plugging the transformed quantities into (13)- (14) , to verify that those equations are still obeyed. We also have ∂ t X(s, t) → ∂ t X(s, ct), and so the frictional force f (s, t) → f (s, ct) by (12) , assuming c > 0 (note thatŝ(s, t) →ŝ(s, ct) andn(s, t) →n(s, ct)) and the torque density X ⊥ · f has the same transformation. If (12) and the same scaling holds for c < 0 also (f changes sign uniformly in this case). If instead µ b = µ f , then the solutions are not simply time-reversed when the shape change is time-reversed.
Imagine now that we take a given periodic motion and repeat it n times in a period. Then the velocities are multiplied by n, and so is the net distance d. The same is true of W since in (17), ∂ t X(s, t) → n∂ t X(s, nt) and f is unchanged. Since d and W both scale with the speed of the motion, it makes sense to define an efficiency as
which is the same when a given motion is sped up or slowed down. A somewhat more general problem, not pursued here, is to find motions that maximize d for a given W > 0, and then vary W . For small W , only a limited set of periodic motions-those with small amplitude-can perform work W in a period. When W is large, large-amplitude motions can perform work W , but also small amplitude motions by repeating the motion a given number of times.
Hence as W becomes larger we consider a larger class of motions that can eventually approximate essentially any periodic motion.
Next we will calculate W , d, and λ for certain examples of motions (i.e. Θ(s, t)) with both isotropic (µ f = µ t = µ b = 1) and anisotropic friction. Then we will focus on the isotropic case. We will examine the class of time-harmonic three-link motions and then propose a class of smooth motions that optimize λ.
FIG. 4:
Sketch of a body motion for which the kinetic friction model has no solution, so a model of static friction is used.
Equations (11) assume only kinetic friction is involved, but in reality there is also static friction. In figure 4 we show an example of a motion for which the kinetic friction model has no solution. That is, for the Θ(s, t) corresponding to this motion (not given mathematically here), no choice of {ẋ 0 (t),ẏ 0 (t),θ 0 (t)} can solve equations (11) . Initially the body is given by the solid line. The two flaps on the left side oscillate periodically, sweeping out a region shown by arrows between the solid line and the dashed lines. On the upstroke, the combined vertical force and torque on the flaps from kinetic friction (12) is zero by symmetry, but there is a net horizontal force to the right. If we assume isotropic friction, the horizontal force per unit length on the flaps from (12) lies between 0 and 1, since the flaps move leftward and upward. The rest of the body cannot balance this force exactly for the following reasons. Its motion can only be horizontal to maintain vertical force balance. Therefore, by (12) it has horizontal force per unit length -1, 0, or +1, and a much larger length than the flaps. None of these choices gives zero net horizontal force on the body as a whole. The problem is resolved physically by including static friction: a force density between 0 and that given by kinetic friction when the velocity is zero [55] . Further examples will be given (for three-link bodies) in section V (e.g. figure 10 ).
To allow for static friction, we use a simple modification of (12) involving a regularization parameter δ:
Here δ is small, 10 −4 in our computations. We find empirically that there is little change in the results (less than 1% in relative magnitude) for δ in the range (0, 10 −4 ]. When ∂ t x 2 + ∂ t y 2 is similar in magnitude to δ, the force density in (22) varies between 0 and 1 in magnitude, times the appropriate friction coefficient. Therefore we obtain the full range of force densities when velocities are very small, which approximates static friction. In addition to their simplicity, we find empirically that expressions (22)- (23) have desirable properties including the existence of unique solutions using the numerical algorithm described next. More specifically, for all motions shown in the work, our iterative numerical method (described next) finds a unique solution {ẋ 0 (t),ẏ 0 (t),θ 0 (t)} to equations (11) with f δ in place of f , for a large number of initial guesses (covering a wide range including choices very far from the solution).
Similar types of Coulomb friction regularization (sometimes involving the arctangent function) have been used for many years in dynamical simulations involving friction [56, 57] . In our case, δ needs to be small compared to any physical velocities we wish to resolve. In particular, δ should be small compared to the speed of body deformations:
the typical magnitude of ∂ t Θ(s, t) multiplied by the range of arc length in which it varies from zero.
III. NUMERICAL METHOD
In previous work [47] , we computed solutions to equations (11) using quasi-Newton methods. Two major challenges of such methods are finding an initial guess that is sufficiently close for convergence, and choosing a step size in the line search that moves the solution towards convergence. The components of f δ behave like smoothed step functions near zero velocity. If the solution has velocities near zero (i.e. involves static friction), Newton's method requires a very good initial guess, within O(δ) of the solution, to converge. The behavior is similar to that for the arctangent function, a classic example used to illustrate the limited basin of attraction for Newton's method near a root [58, 59] .
To compute large numbers of solutions to (11) in parallel, we have developed a more robust iterative scheme that converges with any initial guess (for all cases studied, a large number including those in this work) and does not require a line search. The iteration is a fixed point iteration using a linearization of the regularized version of equations (11) . At time t, given Θ(s, t) and a guess {ẋ n 0 (t),ẏ n 0 (t),θ n 0 (t)}, we use (13)- (14) to compute the corresponding
Iterate n is used in the denominator of (26), so the new iterate {ẋ
(t)} appears only in the numerator, and (24)- (26) depend linearly on it (in the body frame, where X,ŝ, andn are known). Hence we obtain the new iterate {ẋ
(t)} by solving 3-by-3 linear systems at each t (decoupled when solving in the body frame). We observe empirically that this approach sacrifices the quadratic or superlinear convergence of Newton-type methods for linear (geometric) convergence. In almost all cases the convergence is quite fast, however.
There are a small number of cases involving static friction where the rate of geometric convergence is slower. However these cases are sufficiently few that even with more iterates, the cost of obtaining convergence is small. The loss of superlinear convergence is relatively modest compared to the increased simplicity and robustness of the algorithm. . Bottom: Leftward-moving sinusoidal deformation wave with wavelength 1 (Θ(s, t) = sin(2π(s + t))). Since µ f = 1 100 = µt, the body moves rightward (i.e. a retrograde wave).
IV. EXAMPLES OF MOTIONS
We now present numerical solutions of the model described in section II. We show motions that are approximately optimal with very anisotropic friction, and then show how these motions perform with isotropic friction.
In figure 5A we show snapshots of the body when executing a rightward-moving smoothed triangular wave (Θ(s, t) = 1.3 tanh(20 sin(2π(2s − t)))) with friction much smaller in the transverse direction than in the tangential direction
The motion is almost entirely in the transverse direction, and due to the almost vertical body slope, the transverse direction is approximately horizontal, close to the direction of locomotion. Consequently the efficiency λ is close to 1 (0.93 here). With slight modifications to the motion, efficiency can be made to approach 1. Efficiency increases as the deformation wavelength decreases, so that zero net vertical force and torque are obtained with a purely horizontal motion, decreasing wasted vertical motion that is not in the direction of locomotion. Efficiency also increases as the deformation wave is made steeper (body tangent angle approaches ±π/2), so transverse motion is aligned with the direction of locomotion. In this limit the body motion is purely transverse and purely in the direction of motion. Since µ t = 1, the work done per unit distance traveled tends to 1.
Figure 5B shows snapshots when the anisotropy is reversed (µ f = 1 100 = µ t ), so friction is much smaller in the tangential direction (similar to snake robots with wheels whose axes are transverse to the body axis [60] ). Here µ b = 1 but is arbitrary since there is no backward motion. The body deforms as a sinusoidal leftward moving wave (Θ(s, t) = sin(2π(s + t))). The efficiency λ is 0.76, and can be made to approach 1 in the limit µ t → ∞ by decreasing the amplitude and the deformation wavelength, so motion is almost purely in the tangential direction and in the direction of motion. Since µ f = 1, the work done per unit distance traveled tends to 1. Unlike in panel A, here the wave shape (whether sinusoidal, triangular, etc.) does not matter in the limiting case of optimal efficiency. The motions in 5A and B are somewhat idealized versions of the direct and retrograde waves shown in figure 1 and are discussed in [47] . With large backward friction, and µ f ≈ µ t ≈ 1 ratcheting motions were found to be locally optimal in that work. Now we show that with isotropic friction, none of these motions is effective.
In figure 6A and B we show snapshots from the same motions as in figure 5A and B but with isotropic friction (µ f = µ t = µ b = 1). Panel C shows a standing wave motion (Θ(s, t) = sin(2πs) sin(2πt)), similar to those which were found to be effective with large backward friction in [47] . In all three cases the work done against friction is 0.4-0.5 but the distance traveled is less than 0.005, about the level of numerical error.
V. THREE-LINK TIME-HARMONIC MOTIONS
To increase our intuition about locomotion in the isotropic regime, we now study the efficiency of a broad range of motions. The space of time-periodic motions Θ(s, t) is infinite-dimensional, so to make the problem tractable we look at a finite-dimensional subspace involving three-link bodies. These have been studied extensively in locomotion problems in the past (in a viscous fluid at zero Reynolds number) [18, 20, 61, 62] . The optimally efficient motion found in [20] was close to a time-harmonic motion, but with dry friction instead of viscous forces we have no reason to expect a similar result. In previous work we studied the motions of 2-link bodies with various friction coefficients, and of 3-link bodies with the anisotropic friction coefficients measured from real snakes [38] and found locally optimal motions [51] . Now with an improved model involving static friction and an improved numerical method we compute figure 5A ). B) Traveling wave with a sinusoidal tangent angle profile (same as in figure 5B ). C) Standing wave with a sinusoidal tangent angle profile, Θ(s, t) = sin(2πs) sin(2πt).
the full range of motions of 3-link bodies with isotropic friction, when the joint angles are time-harmonic functions.
The bodies' shape at an instant is described by only two joint angles (∆θ 1 , ∆θ 2 ; see figure 2) so the possible motions are a set of paths in a two-dimensional region shown in figure 7 . The region is a square with sections removed at the upper right and lower left corners, where the body self-intersects (at the upper right corner, five bodies are shown corresponding to configurations along the boundary of this section).
Within this space of paths, we consider a low-dimensional subspace-motions that have a single frequency (i.e. time-harmonic motions)-and are symmetric about the line ∆θ 1 = −∆θ 2 . This symmetry guarantees no net rotation over a period (see appendix A), so the long-time trajectory of the body is a straight line rather than a circle. Such paths are described by
The three parameters A 0 , A 1 , and B 1 describe an ellipse with center (A 0 , −A 0 ) and principal semiaxes A 0 and |B 0 | (figure 7). We assume A 0 ≥ 0 without loss of generality, so the motion starts at the lower right region instead of the upper left region of the ellipse (but the same path is traversed in either case). The sign of B 1 gives the direction (clockwise or counterclockwise) around the path. Changing the sign of B 1 reverses time and thus reverses the motion (when µ b = µ f , as here), giving the same efficiency.
We compute motions over the region of (A 0 , A 1 , B 1 )-space giving admissible paths (ellipses that lie in the region of figure 7 ). To solve a large number of motions quickly, it is efficient to first compute a velocity map (or "connection" the tail {ẋ 0 (t),ẏ 0 (t),θ 0 (t)}, from which we can reconstruct the body motion via (13)- (14) at each time and thus the efficiency. Because of the scaling relation (19) , instead of computing {ẋ 0 (t),ẏ 0 (t),θ 0 (t)} over the four-dimensional space (∆θ 1 , ∆θ 2 ,∆θ 1 ,∆θ 2 ) it is enough to compute the tail velocities over two three-dimensional spaces (∆θ 1 , ∆θ 2 , ∆θ 1 ) with |∆θ 1 | ≤ 1 and∆θ 2 = 1; and (∆θ 1 , ∆θ 2 ,∆θ 2 ) with∆θ 1 = 1 and |∆θ 2 | ≤ 1, and then obtain the tail velocities at other combinations of (∆θ 1 ,∆θ 2 ) by rescaling them into one of these three-dimensional spaces (if µ b = µ f two additional maps would be needed, at∆θ 1 = −1 and∆θ 2 = −1).
In figure 8 we show the two sets of velocity maps used to construct {ẋ 0 (t),ẏ 0 (t),θ 0 (t)} for any values of body shape variables and their velocities when∆θ 1 = 1 (top row) and∆θ 2 = 1 (bottom row). The contours in each slice plane
show that the quantities vary relatively smoothly in these spaces, despite the sharp variations in frictional forces. We have observed from more extensive data that they are apparently continuous with bounded derivatives, but that their derivatives change sharply where the regularization parameter is important, i.e. where static friction plays a role.
Static friction is potentially important when the speed ( ∂ t X ) is of the order of the regularization parameter (δ = 10 −4 ) over one or more entire links. If instead small velocities do not occur, or occur only at discrete points on the body, δ has only a small effect on the net forces and torque. In figure 9 we show regions in the velocity map spaces regularization the force density on the middle link could only be 0, or -1 on one half and 1 on the other, giving a net torque of 0 or ±1/36 (since the link has length 1/3). Regularization allows a different torque to be obtained with a nearly static middle link, like that due to static friction. The other cases in figure 9 are more difficult to explain because they are not symmetric.
We now compute the distance traveled, work done, and their ratio λ, the efficiency, for the elliptical trajectories shown in figure 7 , parametrized by A 0 , A 1 , and B 1 . To aid our presentation we begin by showing in figure 11 the results in the two-parameter space with A 0 = 0. These are for motions that are symmetric with respect to the line ∆θ 1 = ∆θ 2 , but there is no reason a priori to prefer such motions.
FIG. 11:
Plots of (A) the distance traveled, (B) the work done against friction, and (C) the efficiency λ (distance/work) for elliptical paths with A 0 = 0. Figure 11A shows that the distance traveled per period is largest for a localized region of motions at the limit of self-contact. The dark blue region beyond the outer boundary of the shaded region gives coefficients for motions that involve self-contact. The distance is nearly zero for motions near the line A 1 = B 1 , i.e. circular trajectories. These trajectories approximate the traveling-wave motions shown in the previous section, and are effective for low Reynolds number swimming [18, 20, 61, 62] given the 2:1 drag anisotropy of slender swimming bodies [46] . The line A 1 = 0 corresponds to standing wave motions similar to that in the previous section, and results in zero distance traveled since the motion is the same but the trajectory is reversed under time reversal. The line B 1 = 0 gives standing wave motions that are antisymmetric about the body midpoint but also unchanged under time reversal, and thus also give zero net distance traveled.
Panel B shows the work done per period, which has a much simpler distribution-it is nearly radially symmetric.
Larger coefficients A 1 and B 1 are clearly correlated with larger sweeping motions of the links. The work done has no obvious relationship with the distance traveled (A), because the net translation (0.261 body lengths at maximum) is only a small contribution to the total motion in most cases. The efficiency (C) has a pattern similar to the distance, though of course smaller-amplitude motions are weighted more favorably. Nonetheless, the most efficient motion is close to the distance-maximizing motion, and has efficiency 0.259. The quantities are invariant when the sign of B 1 is changed, because the motion is simply reversed in time.
In figure 12A -C we show the same quantities but with A 0 varied over its full range. At the middle of the A 0 axis is A 0 = 0, so there the contour plots show the same data as in the previous figure. When A 0 = 0, the largest distance is achieved at a point with A 1 > B 1 . As A 0 increases or decreases (moving up or down the vertical axis), another local maximum, this one having B 1 > A 1 gives a larger distance. In panel B, the work maintains an approximate radial symmetry, and does not depend strongly on A 0 (which varies the offset bias but not the sweeping amplitude of the links' motions). In panel C, the efficiency has three local maxima. The global maximum is found at A 0 = 0, has efficiency 0.259, and is labeled 'D' (here and in the previous figure) . The motion is shown in panels D and E. where the snake moves part of its body (like one of the outer links) forward, pushing off of (or pulling towards) the rest of the body (like the other two links) that is held fixed by static friction, forming an "anchor" [1, 3, 65] . Because the body has only three links, moving the middle link forward requires all three links to move and rotate, so this part of the motion is somewhat distinct.
VI. OPTIMAL MOTIONS
Inspired by the concertina-like motions in the previous section, we now look for more general smooth motions that can achieve the highest possible efficiency for any inextensible body, not necessarily one with three links. First, we
show that an upper bound on efficiency for any motion is the reciprocal of the smallest friction coefficient (1 in the isotropic case).
The distance traveled by the body (16) is the same for all s since the body moves as a translation without rotation after one period. Thus we can write
The work done against friction is (17) with f from (7). Let u s ≡ ∂ t X ·ŝ and u n ≡ ∂ t X ·n. We have
where
Therefore
and
This upper bound corresponds to a body that translates uniformly in the direction of lowest friction. Such a motion cannot have zero net force for nonzero friction, but we now show simple motions that satisfy the equations of motion and saturate this upper bound in the limit of a small parameter, for any choice of friction coefficients, including the isotropic case. These are concertina-like motions, in the sense that part of the body forms an anchor, remaining static due to static friction, allowing the rest of the body to be pushed or pulled forward. We first assume isotropic friction. The body is initially straight (see figure 13A , top). The motion has three stages.
In stage one, a straight segment in the rear half of the body but near the midpoint (between the circle and triangle in figure 13A ) forms a "bump." It deforms from straight to curved, but keeping the tangent angles at its endpoints unchanged, so the endpoints get closer. This pulls the rear of the body forward, because the front portion (front half) of the body (the "anchor") is static due to static friction. If the front portion of the body slides with an O(1) velocity, the rear portion of the body is not large enough to provide a balancing force. Therefore, the front portion of the body's velocity is O(δ). At the end of stage one (red body in panel A), the bump reaches its maximum amplitude.
In stage two (from the red body to the blue body), the bump travels forward along the body, to the region between the triangle and the square. The blue shape is thus a mirror image of the red shape. Here the body endpoints do not move, because the region away from the bump (left of the circle and right of the square) is an anchor. Stage three (from the blue body to the last straight configuration in A) is essentially the reverse of stage one-the bump flattens out, pushing the region in front of the square forward, with the back region of the body fixed because now it is an anchor. The net result is that the body has moved rightward some amount (which can be seen comparing the body endpoints over the sequence of motions). In addition to moving rightward, the body undergoes a much smaller vertical displacement and rotation because the bump is upward. To achieve a motion with zero net rotation (and zero net vertical displacement), we then perform the mirror image of the motion (panel B) for 0.5 ≤ t ≤ 1, with Θ(s, t + 0.5) = −Θ(s, t). Then we see that the mirror image motion in the lab frame is a solution:
We have the same horizontal displacement but the vertical displacement and rotation are reversed. Panel B shows the snapshots in the simulation of the second half of the motion (at the beginning/end of the three stages only). The length of the bump (half the arc-length distance from the circle to the square) is a control parameter that we can shrink to zero. We show now that the distance traveled is proportional to , and the work done can be decomposed into two parts. The work done inside the bump region (left of the circle and right of the square) is proportional to 2 (blue squares in panel C). The velocities in the bump region ∼ , the frictional force density ∼ 1, and the bump region length ∼ , so by (17)
The work done outside the bump region (W outer , red crosses in C) approaches the distance traveled (green triangles) as → 0, and both are proportional to . W outer is approximately the unit frictional force density times the body speed in the region outside the bump multiplied by the length of that region ∼ 1:
Adding (37) and (38) we have λ = 1 + O( ). This is shown in panel D for the motions in panels A-B. When decreases below 0.1, we find it is necessary to decrease the numerical regularization parameter δ from 10 −4 to 10 −6 or 10 −8 so it does not affect the results (i.e. so δ is much smaller than the typical speed of body deformation). Now assume the friction coefficients are anisotropic. If the smallest friction coefficient is either µ f or µ b , then the body should be oriented in panels A-B so that the lower of µ f and µ b applies for motion to the right. If instead the smallest friction coefficient is µ t , then we bend the body so that it has two bump regions, and the outer regions are oriented transverse to the direction of locomotion (see figure 13E ). By symmetry, motion is solely in the horizontal direction (the mirror image stroke in panel B is not required now). Snapshots are shown only at the beginning/end of each stage in panel E. With anisotropic friction, the above estimate for W inner (37) is multiplied by max(µ t , µ f , µ b )
to obtain an upper bound, while that for W outer (38) is multiplied by min(µ t , µ f , µ b ). The global upper bound for λ (33) is achieved in the limit → 0.
We have assumed an inextensible body. For an extensible body, a one-dimensional version of the above motion is obtained by projecting the body density distribution at each instant onto the horizontal axis. Similar longitudinal motions are used by certain soft-bodied animals (e.g. worms) that alternately contract and extend longitudinal muscles [66] . Snakes, however, are nearly inextensible due to their backbone [34] .
VII. CONCLUSION
In this work we have studied the locomotion of bending and sliding bodies under isotropic friction. We developed a regularization approach to handle cases where static friction is needed to find a solution. We also introduced a fixedpoint iteration method that can compute the body tail velocities robustly from all initial guesses without the need for a line search method. We first used the method to show that the most efficient motions with anisotropic frictiontraveling wave deformations-lead to little or no locomotion with isotropic friction. Next, we used the method to compute the velocity map for the three-dimensional body shape and shape velocity spaces of a three-link crawler.
We used these maps to obtain a general picture of the locomotion efficiency landscape for the 3D space of coefficients giving symmetrical elliptical paths in the space of the body link angles. We found that static friction regularization is involved in small (but important) regions of the velocity map and described their necessity in symmetric cases. The distance traveled and efficiency are very small for motions corresponding to standing waves or traveling waves. The efficiency has three local maxima, and the top two (0.21 and 0.26) occur at motions that are similar to concertina locomotion-a sequence of motions in which one of the links moves forward while the other two links remain almost motionless.
We then proposed a class of concertina-like motions that saturate the upper bound for efficiency for any choice of friction coefficients. The optimal smooth motions of section VI require short wavelengths ∼ (and large frequencies ∼ 1/ to travel an O(1) distance), which explains why the numerical optimization using 45 or 190 modes in [47] did not converge to such motions. It is interesting, however, that in the optimal time-harmonic motions with only three links, concertina-like motions can be seen. Although static friction arises in the optimal motions shown here, we believe that solutions with similar motions-and similar efficiencies-may exist with only the kinetic friction model (i.e. without regularization). In other words, the motion may be altered so that instead of remaining static, the "anchor" portion of the body slides slowly but has enough kinetic friction to balance that on the remainder of the body.
u) is that at s = 0 plus π: 
where w = 1 − t. In words, whatever rotation occurs from t = 0 to 1/2 is undone from 1/2 to 1, when we view the body from the opposite end.
